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Abstract

Given a Dirac operator P on a manifold with boundary, we discuss a particular local elliptic
boundary condition for P as well as the (pseudo-differential) boundary condition of Atiyah—Patodi—
Singer type. We prove that P is elliptic under either of these boundary conditions and extends to
a self-adjoint operator with a discrete spectrum. Basic spectral estimates are given. In order to do
so, we require purely functional analytic arguments and elementary estimates. © 1998 Published
by Elsevier Science B.V. All rights reserved.
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0. Introduction

Let (V,{,),y, V) be a Dirac bundle over a compact oriented Riemannian manifold
M with boundary which need not be product near dM. This means that 7 : V — M
is a complex vector bundle furnished with a Hermitian structure (-, -), a Clifford module
structure y : Clif(M) — End(V) and a compatible connection V. The Dirac operator P
on V reads in terms of a local orthonormal frame {e{, ..., e,} for TM|y as

Ply = y(e)V,,;. 0.1

The aim of this paper is to establish elliptic boundary conditions for the Dirac operator P
and study its spectrum. This can be done easily, if there exists a chirality operator Fon V,i.e.
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a self-adjoint isomorphism F € End(V) which is covariantly constant and anti-commutes
with the Clifford map y . In that case the local boundary conditions, given by

¢lam € I''¥,  meaning that (Fy(N)¢)lan = £¢lom, (0.2)

turn out to be elliptic. Here N denotes the unit normal on dM.
On the other hand P can be decomposed on the boundary 9 M into a normal and tangential
component, reading

(PY)lu =y (N)(VnY + A¥)lu. (0.3)

The operator A is L? self-adjoint on dM and has a discrete spectrum, which (eventually after
a small perturbation) is bounded away from 0. The famous pseudo-differential boundary
condition of Atiyah—Patodi-Singer type then requires that the restriction ¢|yu is in the
negative eigenspace of the operator A, i.e., p|sp € I' 2FS. It is well known that this non-
local boundary condition is elliptic.

Technically, our approach is based on the Lichnerowicz formula, which states that P2 is
the connection Laplacian V*V perturbed by a curvature endomorphism, say R € End(V),
ie.

P2y = VX(Vy) + Ry 0.4)

Based on this, the key observation is to prove that P satisfies under either of the boundary
conditions above the elliptic estimate

1wl < CollPYI3. Yy € (NG-(P) ND_(P)). (0.5)

Here /\fOJ- (P) denotes the complement of the kernel of the Dirac operator P. Then our main

results read as follows:

— The Dirac operator P with domain D_(P) is a self-adjoint operator on L>(M, V). Here
D_(P) is the space of all sections in H'!(M, V) which satisfy the boundary condition
Plap € T or p|ap € I' AP, respectively.

— The operator P with domain D_(P) has a pure point spectrum. The eigensections ¢ €
D_(P), satisfying P¢ = A¢ are smooth.

~ If the mean curvature of the boundary M < M is strictly positive, then the curvature
endomorphism R gives a lower bound for X, the eigenvalue of P on D_(P) of least
absolute value. That is

(0?2 min po(p) where  po(p) = inf . Rv) 0.6)

veV, (v, v)
Most of these results are well known. In particular the (non-local) Atiyah—Patodi—Singer
boundary condition has been discussed a lot in the literature, cf. [4,5] for general results,
and [12] for original reference. In the present paper we show that the results on the Dirac
operator on manifolds with boundary can be established as well on a very elementary level.
We present an approach to tackle this type of problems completely by means of basic
estimate and standard results from functional analysis. In particular no reference is needed
to the calculus of (elliptic) pseudo-differential boundary problems, cf. [6] or [3].



S. Farinelli, G. Schwarz/ Journal of Geometry and Physics 28 (1998) 67-84 69

In Sections 1 and 2 we give a short review on Dirac bundles and establish a global
Lichnerowicz formula. This is the key for proving a priori estimates for P under either of
the boundary conditions ¢jyp € I' lﬁc and ¢lom € I ips. This is worked out in Sections
3 and 4. In Section 5 we show that P is self-adjoint and allows for the estimate (0.5). In
Section 6 we show that P is a Fredholm operator which has discrete spectral resolution.
Moreover we establish the (geometric) estimate (0.6) for the first eigenvalue. Regularity
results are given in Section 7. Section 8 contains an application to inhomogeneous boundary
value problems and a Hodge-type decomposition.

1. Dirac bundles

Let (M, g) be anorientable n-dimensional C* Riemannian manifold with smooth bound-
ary M. The tangent and cotangent bundle are identified by the b-map, v°(w) := g(v, w).
Its inverse is denoted by . The Clifford bundle Clif (M) is defined by the relation

ve w4+ wikv=—-2g, wld. (1.1)

Let w : V — M be a smooth complex vector bundle furnished with a Hermitian structure
(,-). The space C®°(M, V) of all smooth sections is equipped with a L>-structure

(¢, ¥)) = /(d% v)du, (1.2)

M

where du is the Riemannian volume element. LZ(M, V) is the completion of C*(M, V)

with respect to the corresponding norm ||¢||i. For the restriction of the bundle V to the

boundary M we write Vj. On the space of smooth sections C*(dM, V;) an L2-structure

is defined accordingly by integration with respect to the induced Riemannian volume dgu;.
A Clifford module structure y on V is a R-algebra bundle morphism

y : Clif (M) — End(V).

Then the quadruple (V, (,), v, V) defines a Dirac bundle if:
~ The Clifford multiplication is fibrewise skew-adjoint, i.e.,

(y(w)p, ¥) + (o, y(w)y) =0 YweTM, Vo ¢ € C*(M, V). (1.3)

— There exists a Hermitian connection V : C°(M, V) - C®(M,T*M ® V), which acts
as a module derivation with respect to the Clifford map y, thatis, Vy = 0. In other words
the compatible connection V satisfies

Vy(w)g) = y(Vw)d + y (w)Veé
Yw € C®(M, Clif(M)), V¢ € C*M, V), (1.4)

where Vw is understood as the action of the induced Levi-Civita connection on Clif (M).
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For each Clifford module y : Clif(M) — End(V) one can construct a corresponding
Dirac bundle, cf. [2]. That is, one can always find:

— a Hermitian structure ( , ) which makes the Clifford multiplication by tangent vectors

v (v) skew-adjoint,

— alocally and globally well-defined connection V, which is Hermitian and compatible.

In general there are several possible choices for the connection V which makes (V, {, ), ¥)
into a Dirac bundle. However, there exists a unique spin connection V° which is compatible
and an extension of the Levi-Civitd connection in the following sense.

It suffices to define V* locally and patch it together by a partition of unity, since a convex
combination of compatible connections is compatible. To do so, we utilize the connection
matrix w®, which a 1-form on U C M with values in End(V|y). Let {e1, . .., e,} be alocal
orthonormal frame for T M|y and {si, ..., sy}, a local bundle frame on V|, then each
s € C®(M, V) locally writes as s = f’s;. If I“].ik denote the Christoffel symbols for the

Levi-Civit4 connection on U, the connection 1-form «* is defined by

o3 (ex) = 3Ty (e))y (). (1.5)
Then the spin connection V* is (locally) defined by

Vs =df! ®s;+ fIV5s,;,  where VSs; = (%)X ® sk. (1.6)

This spin connection satisfies conditions (1.3) and (1.4) needed to define a Dirac bundle.
If (V, (, ), ¥, V) be a Dirac bundle, a smooth self-adjoint isomorphism F € End(V) is
called a chirality operator, if

FoyW)+y(@WoF=0 V,F=0, YveTM, and F? =1d. (1.7

In general, such a structure need not exist, but there are topological obstructions, cf. [4].
However, if M is even-dimensional, the normalized orientation can be used to define such

an isomorphism. Therefore let {e|, ..., e,} is a local orthonormal on U C M, then the
operator
Fly = W=D"?y(eny(e) -y (en) (1.8)

is well-defined locally, i.e. independent of the choice of the frame. By partition of unity we
can construct a globally well-defined chirality operator F.

If (V,{,),y,V) is a Dirac bundle over the Riemannian manifold (M, g), the Dirac
operator P is defined by the composition

\Y Id
C®M, V) — CM, T*"MQV) ﬁ—®;+ CM,TM®V) Y, C®(M, V).

That is

P : C®M,V) — C°(M,V)
¢ > P(@)=yo(®I1D)(Ve). 19
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The leading symbol is given by the Clifford multiplication as o7 (P)(x, £) = /=1y (&%).
In terms of a local orthonormal frame {e;, ..., e,} the action of P becomes

(PO)lu =v(e)(Ve;0) VYo e CT(M, V). (1.10)
If F is a chirality operator on (V, {, }, y, V), it anti-commutes with the Dirac operator, i.e.

PF+FP=0. (1.11)

2. A global Lichnerowicz formula

The square of the Dirac operator P2 : C®(M, V) — C®(M, V) defines the Dirac-
Laplace operator. This second order operator can be rewritten in terms of the connection
Laplacian on V by means of a Lichnerowicz formula reading

PXy = V*Vy + Ry, (2.1)

where R stands for the curvature endomorphism, cf. [1].

In order to derive an integrated version of (2.1) we need to study the Dirac operator
near the boundary. Therefore let N be the inward pointing unit normal field on M, and
{N, e, ..., %€,}, alocal orthonormal frame on a neighborhood U N 3 M. Then

(PP)lu =y (N)(VNY + AY)ly  where A = —y (N)y (¢)) Vs;. (22)
From (1.11) we get AF |34 — Fism A = 0. Moreover it is straightforward to verify that
Ay (N) + y(N)A = —y(N)y(€))y (Vg N) = —y(N)Sy, (2.3)

where Sj is the mean curvature, i.e., the trace of the second fundamental form of the
submanifold oM C M.

Let a differential 1-form Cyy € C(M, T*M) be given by Cyy(v) := (y (v)¥, ¢). Its
divergence d* can be written in terms of P as

d*Cyy = —(Ve;Cyg(ej)) + Cyg (Ve €)) = —(PY, ¢) + (¥, PP). (2.4)

From the GauB theorem we then infer that the Dirac operator is symmetric with respect to
the L?-structure (1.2) modulo a boundary term, i.e.

(P 81 = (0. Po) = = [ (y Ny 0) dus. @5)
M
Given a local orthonormal frame {ey, ..., e} on each U, € Y for an appropriate cover I

of M, and a subordinated partition of unity pq, then the H' inner product on C®(M, V)
reads

(W, N = (¥, @) + (VY. V@) Y. € C(M, V)
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where

(Y, Ve) =) / > oulVe ¥, Veso) dus. (2.6)

Us j=l..n

We can write things this way, since the expression on the right-hand side is independent of
the partition and the local frame chosen.

Proposition 1. The H' inner product can be computed in terms of the Dirac operator P,
the curvature endomorphism R and the boundary operator A as

(W )t = (0 8)) + ((PV, P)
(Y, Re)) + f W, Ad) dus. @.7)

oM

Proof. Using (2.5) and the Lichnerowicz formula (2.1) we get

(PY, PO)) = ({(¥, V'V)) + ((¥, Re)) — /(V(N)¢, Po)du;. (2.8)
aM
On the other hand the GauB theorem implies that
(Y, VIV®)) = ((VY, Vo)) + /(w, Vng)dus. (2.9)
M

From the splitting (2.2) of the Dirac operator on 3 M we infer that

f (¥, Vno) — (y (MY, P))dus = — f (¥, Ag) dus. (2.10)
aM aM
Adding Eqs. (2.8) and (2.9) then proves the assumption. |

An obvious consequence of the preceding result is the corresponding formula which
allows one to compute the H'! norm on C*°(M, V) in terms of P:

IVyI2, = IPYI2, — (W, RY)) + / (¥, AY) dus. @2.11)

M

3. A local elliptic boundary condition for the Dirac operator

If (V, (,), ¥, V) be a Dirac bundle with a chirality operator F it is possible to construct
a local boundary condition for the Dirac operator P in terms of the operator,

I: Vs —> Vs defined byl” := Flapy (N). 3.1)
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From (1.1), (1.3) and (1.7) it is clear that
r’=1d, T'F+Fr=0 (I'g,¥)=(p, ) Vo, ¥ € C°OM,V;). (32)
Hence I” has the eigenvalues +1, and the eigenspaces

r'“={(¢peC>®@M,Vy) | I'¢ =gl

'™ — (¢ eC®0OM,Vy) | T'd = o) o

are orthogonal with respect to the induced Hermitian structure (, ) on V. The corresponding
projections w4 1= %(Id =+ I') are also self-adjoint operators so that

(@), m-(¥)) =0 Vo, ¥ € CTOM, Vy). (3.4

From (1.7) we infer that "'y (N)¢ = Ty (N)¢ for ¢ e I' ', respectively. Hence y (N)
acts as an isomorphism intertwining I” :‘_’C and "' je.,

y(NYomry =m_oy(N) and y(N)om_ =moy(N). 3.5)
Moreover we infer from (2.3) and (1.7) that ’'A + AT’ = —I" S, and hence

Aom_=mi0A+iSr. (3.6)

Lemma 2. Under the local boundary condition m () = 0 the Dirac operator P allows
for an elliptic estimate. That is, for each § > 0 there exists Cs such that  satisfies

I %, < A+ OIPYIR, + Cslyl3. Yy e C¥M, V)nT '™, 3.7

Proof. In order to prove the estimate (3.7) we have to control the boundary integral of Eq.
(2.11) under the boundary condition ¥ |54 = m—(¥). Since 74 are self-adjoint projections,
we get by using the commutation relation (3.6)

1
f (W, A) Ay = f e ), A () dpi = 5 f Sitw, M) dus.  (38)
oM

aM M
Therefore (2.11) turns into

IPY12, = VY12, + (¥, Ry)

1
+3 f Solwr, ¥yduy Yy € C¥(M, V)N T 3.9
oM

Since M is compact, R € End(V) and §; € C*(dM, V) are bounded on M and oM,
respectively. Moreover, the restriction to the boundary extends to a compact operator from
HY(M, V) to L2(3M, V3). Therefore an inequality of Ehrling type applies, cf. [10]. That
is, for each € > O there is C, > 0 such that

1172000 < €MVl + Cell¥ll, V¥ € C¥(M, V) (3.10)

Using this, the estimate (3.7) follows from (3.9). a
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Obviously this result holds correspondingly for the Dirac operator the complementary
boundary condition 7_(y) = 0, i.e.,

12, < (L+OIPYIL, + Csllvlli, Yy e C¥(M, V)NT Y-, (3.11)

Corresponding results on the Dirac operator under local boundary conditions can be found in
[12], cf. also [4]. That approach, presented there, is based on the concept of strongly elliptic
boundary value problems, cf. also [S]. In contrast, the line of arguments in this paper requires
not more than the estimate (3.7) and some standard arguments from functional analysis.

A local boundary conditions of the type (3.3) which implies the estimate (3.7) can also be
established in cases where a chirality operator F does not exist. In [11] we studied a Lorentz
manifold N = R x M, where M is a compact Riemannian manifold with boundary. With
ep denoting a time-like unit vector the operator r= ¥ (ep)y (N) can be used to construct
an elliptic boundary condition for the induced Dirac operator P on M. However, that case
does not fit completely into the discussion of this paper, since P does not correspond to a
Dirac bundle (V, (, )}, y, V) on M.

4. A boundary condition of Atiyah-Patodi-Singer type

In the context of index theorems another non-local boundary condition for the Dirac
operator P is more common. In this section we consider a modified version of this Atiyah—
Patodi-Singer boundary condition. By (2.2), P|3p = Y (N)(Vn+A) where A is self-adjoint
with respect to the L? structure on the boundary. For € > 0 let

Ac = A+ 1S Id+eF : C®@M, Vy) — C®(OM, Vy) (4.1)

be the perturbation of A, where S; is the mean curvature and F is the chirality operator.
Then A is a self-adjoint, too. From (1.7) and (2.3) we read of the commutation relations

Acy(N) +y(N)Ac =0 and A.F — FA. =0. 4.2)

Therefore A has a discrete symmetric spectrum, and for arbitrary small € > 0 we can
guarantee that ker(A¢) = 0. Let (¢ )ren be the spectral resolution of A, i.e. Acgr = Apgk.
The corresponding positive and negative eigenspaces of A we denote by

riS=1¢eC®0M, V) I¢=) awnt,
Ar>0
4.3)

rAs=1¢eC®0M, V) 1¢=) an
Ar <0

For the projections onto these spaces we write 7 and 7_.
Lemma 3. If (V, (,), ¥, V) is a Dirac bundle with chirality F, then 7. () = 0 is an

elliptic boundary condition for P. For each & > 0 there exists Cs such that r satisfies a
Friedrichs estimate
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I3 < A+ OIPYIE, + Csllyl, Yy € CO(M, V)N I AP, (4.4)
Proof. From (2.11) we infer that

IV 12, = 1PWI2, — (3, Ry)) + /wf, At dusy

aM
1
) f Sa(¥, ¥)dpy — € /(t/f, Fyr)dus (4.5)
M M

for all € C>*(M, V). Under the boundary condition 7 (¥) = 0 we have

f W, Ac¥)dps = Y lealhn <O Vi € I'APS, (46)

oM Ap<0
Therefore

W12 < CIV IR, + 1PV, — fw, (385 + € F)¥) dusy. 4.7

aMm

Estimating this boundary integral as in proof of (3.7) then proves the assumption. |

Itis well known that elliptic boundary conditions of the Atiyah—Patodi-Singer type does
not at all depend on the existence of a chirality operator F. For this paper, however, we spe-
cialize to the particular condition (4.3) in order to treat the case ¢ € I" APS simultaneously
with the local boundary condition ¥ € I" '°¢.

5. Self-adjointness and elliptic estimates

On the basis of the estimate of the preceding sections we are able to treat boundary value
problems for the Dirac operator under the respective boundary conditions ¥ € I" '°¢ and
¥ € I APS_ We observe that the Dirac operator extends to a bounded linear operator P :
HY (M, V) — L*(M, V), where H'(M, V) is completion of C>*(M, V) in the norm (2.6).
The restriction to the boundary is a compact linear map from H ! (M, V) to L2(8M , Va),
the completion of C*°(d M, V3). By construction we have an orthonormal decomposition
on the boundary, reading

L*(OM,Vy) =L°Tr & L’ _. (5.1)

Here — and in the sequel ~ we use the symbol I" « for I" !¢ and I" 4P5, simultaneously.

Theorem 4. Let (V, {, }, y, V) be a Dirac bundle with chirality F. Then the Dirac operator
P extends to a self-adjoint linear operator on L%(M, V) with domain

D_(P):={p € H' (M, V)| dlym € L*T _). (5.2)
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Proof. From (2.5) we infer that

((Po,¥)) — (&, PY))

- - f (N, V) dus V. d € H' (M, V), (53)
oM

In particular, if ¢, v € D_(P)theny(N)¢ € L2I" 4, cf.(3.5)and (4.2). The orthogonality
of the splitting (5.1) implies that P is a symmetric operator.
Let P* be the adjoint operator. Its domain is

D_(PY) =1{0 € L*(M, V) |3x € L*(M, V) with ({x, ¥)) = ((8, Py))

Yy € D_(P)}. (5.4)
Hence for each @ € D_(P*) N H'(M, V) there exists x € L2(M, V) such that

{6, ¥) = (P8, ¥)) + /(y(N)?, ¥yduy V¢ e D_(P). (5.5
oM

In particular we may choose ¥ to be supported away from dM, i.e. ¢ € C°(M, V). Since
C*M, V) C L%(M, V) is dense, this implies that

x =P6 and /(y(N)E, ¥ydus =0 Y € D_(P). (5.6)
oM

From (3.5) and (4.2) we infer that 834 € L?I" _. This proves that

D_(PYNH' (M, V) =D_(P). (5.7)
For a general 6 € D_(P?*) there exists a sequence §; € (D_(P")NH (M, V)) such that
6; — 0 (strongly) in L(M, V). Then

((PO;, ¥)) = ({6, PYr))

— ({8, P¥)) = (P70, ¥)) Yy € D_(P), (5.8

which implies that P¢; is weakly convergent in L%(M, V). In particular the sequence is
bounded, and the estimates (3.7) and (4.4) yield

16113 < (1+8)IPG;I72 + Csll6;117, < K. (5.9)

Hence there exists a weakly convergent subsequence 8;, — 6in H' (M, V). The uniqueness
of the weak limit implies that & = 9. This proves that6 € D_(P*)NH (M, V), and hence
P is a self-adjoint. a

Knowing about the self-adjointness of the Dirac operator with domain D_ (P) it is clear
that its spectrum is real. We denote by the eigenspaces

Nu(P) :={¥ € D_(P)| (P — )Y = 0}. (5.10)
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Of particular interest is the kernel of P, i.e. the eigenspace Ny(P).
Lemma 5. The space Ny(P) is finite dimensional.

Proof. The estimates (3.7) and (4.4) imply that

Il < Csllwly. Vo € No(P). (5.11)

Let y; be an arbitrary sequence in the unit disk D}\/o = {y¥ € No(P) | ﬂl/f”Hl < 1}
By Rellich’s lemma there is a convergent subsequence Vi —> 1,// in LZ(M ,' V), which is a
H'-Cauchy sequence by (5.11). Therefore D}VO is compactin H'(M, V), and hence Ny(P)
is finite-dimensional. O

In particular we infer from this lemma that Mp(P) is a closed subspace of D_(P), so
that we have an orthogonal decomposition

D_(P) = No(P) ® 2 (NG (P) N D_(P)). (5.12)
Lemma 6. There exists a universal constant Cy € [1, 0o] such that
i3, < Coll PYll3, V¥ € (NG (P)ND_(P)). (5.13)

Proof. Let ¢; be a minimising sequence for the quadratic form || Py ||i2 in the unit sphere
,V'L ={¥ € WG-(PYND_(P) | |¥I3. =1} (5.14)

By (3.7) and (4.4) this sequence is bounded in H'(M, V) and hence has a weakly conver-
gent subsequence ¢; — ¢. The functional || P 1/f||22 is weakly lower semicontinuous on

H'(M, V) and it follows that || P§]2, < [P¥|?, forall ¥ € S} .. Therefore
N0

Iwl21PEI2: < IPWIZ. V¥ € WHPYND_(PY). (5.15)

On the other hand the embedding H I M, V)~ L2(M , V) is compact, so that ¢; — ¢
(strongly) in LM, V), up to the selection of a subsequence Thus [[¢xcl{;2 = 1, and from

the uniqueness of the weak L2-limit we infer that ¢, = ¢ € S .- Therefore || Pq)||2 #0
()
and the estimates (3.8) and (4.4) turn into

Cs
2 Tt = 2
||wn,,lsqunL2< +8+||P¢ll ) CollPYl2,
VY € (WH(P) N D_(P)), (5.16)

which proves the assertion. O
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6. The spectrum of Dirac operator

Having access to the estimate (5.13) is the key to study the analysis of the Dirac operator
under the boundary conditions imposed. In particular, it allows characterization of the range
of the perturbed operator (P — ), i.e., the space Im(P — u) = {x € LM, V)| x =

(P — Wy for ¥ € D_(P)} as the L?-complement of the eigenspace N, «(P). This allows
to prove the compactness of the resolvent and the existence of a spectral gap:

Theorem 7.
(1) The Dirac operator P with domain D_(P) is a Fredholm operator.
(ii) For each p € R the operator P induces an orthogonal decomposition

L*(M, V) = N,,(P) ® Im(P — p). (6.1)
In particular, the index Ind(P — u) = 0.

Proof.
(i) Let ¢; € Im(P) be a L? Cauchy sequence. Then ¢ = P, and without loss of
generality we can choose ¥; € (NOJ'(P) N D_(P)). By (5.13)

I = ¥l < Collgy — ill3. — . (6.2)

Therefore ¥; — v in H (M, V) and hence ¥ € D_(P). This proves that the range
Im(P) of P is closed in L2(M, V). Since its kernel Ap(P) is finite dimensional, P is
Fredholm.

(ii) Since P is self-adjoint and Fredholm, so is (P — u) for each u € R. From the closed
range theorem we then infer that

Im(P — p) = Ker(P — p)*, (6.3)
which proves the decomposition (6.1). By self-adjointness the index vanishes. O

Lemma 8. Let i € R satisfy 0 < fi* < 1/Cg, with Cy given by the estimate (5.13).
(1) The fi-eigenspace of P is trivial, i.e. Nz(P) = 0.
(ii) The corresponding resolvent is a compact operator

(P—1)"" : L*(M, V) — L*(M, V). 6.4)

Proof.
(i) Since P is self-adjoint, N’l;(P) C (./\/OJ' (PYND_(P)).By (5.13)

132 < Coll Pyl = CoB2NI¥ 3. V¥ € Ny(P), (6.5)

and from [i? < 1/Cy we infer that N;(P) =0.
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(it) By (i), the operator (P — 1) : D_(P) — L*(M, V) is a continuous bijection. The
open mapping theorem guarantees the existence of a continuous resolvent (P — i)~
LM, V) — H' (M, V), satisfying

P =) 'pli3, < Cxlioll. Yo e L*(M, V). (6.6)

If ¢; € L%(M, V) is a bounded sequence, then |[(P — ﬁ)_lqullﬂl is bounded, too.
Since the embedding H'!(M, V) < L?(M, V) is compact, there exists a subsequence
¢j, such that

(P — )" '¢;, — ¥ (strongly) in L2(M, V). (6.7)

Hence the resolvent is a compact operator. [

Theorem 9. The spectrum of the Dirac operator P with domain D_(P) consists of entirely
isolated real eigenvalues with finite multiplicity. It admits a discrete spectral resolution, i.e.

L*(M,V) = @ Ni(P). (6.8)

Aespec(P)

Proof. Since P is an operator with compact resolvent (cf. [7]), it has a purely discrete
spectrum. By the Hilbert-Schmidt theorem there exists a spectral resolution (¢ )xen such
that

(P~ ) 'or = vegr with @ € D_(P) and || — 0. (6.9)
Then, by construction,
Py = Mgk (6.10)

where Ay = (1/vx + ). This implies the desired spectral resolution (6.8) of P. a

In addition to this structural result on the spectrum of the Dirac operator under the
respective boundary conditions ¥ |3 € I" ' and ¥r|ap € I' APS, our approach allows one
to give estimates for first eigenvalue of P, i.e. the eigenvalue of least absolute value. If ¢
is a eigenspinor we infer from (3.9) and (4.5) that

VW12, < A2 192, — (¥, Ry)
- f (%Sa - é) (Y, ¥ydus Yy € Ni(P). (6.11)
oM

As far as the boundary condition ¥rjay € I” loc j5 concerned € = O; for the case Y|y €
I" APS we can choose € > 0 arbitrarily small. The curvature endomorphism is a symmetric
operator in R € End(V) which has for each p € M a smallest eigenvalue po(p).

Theorem 10. Let (V,{ ,), v, V) be a Dirac bundle over a compact manifold M with
boundary and assume that the trace of the mean curvature is strictly positive, i.e. S;(p) >
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O forall p € 0M. Let spec(P) be the spectrum of the Dirac operator with domain D_(P).
Writing this as an ordered set
spec(P) = {A; |i e NwithO < |A | <Az =+,
the curvature endomorphism gives a lower bound for the first eigenvalue:

(*x1)? > min po(p). (6.12)
DEM

If D_(P) is understood with respect to the local boundary condition V|34 € I' ' this
also holds if Sy is non-negative on M.

Proof. Under the assumption that S is strictly positive on d M the value of € can be chosen
sufficiently small so that (S3(p) — 2¢) > O for all p € M. Then (6.11) implies that

0< |- f w. Ry du | <[22 - f po(P) (¥ ¥ dp | 6.13)
M

M

holding for all ¥ € N, (P) with ||¥|l;2 = 1. Since po(p) is continuous and M is compact,
this implies the estimate (6.12). As far as the local boundary condition |33 € I'
is concerned we have € = 0. This implies that (6.13) also holds under the assumption
S(p) >0forall p c OM. O

Having characterized the spectrum of P it is obvious to formulate the corresponding
spectral theorem for the Dirac-Laplace operator P2. Therefore we set

D_(P?) :={y € L*(M,V) | ¢ € D_(P) and Py € D_(P)}. (6.14)

Corollary 11. The Dirac-Laplace operator P2 with domain D_(P?) is a self-adjoint pos-
itive operator. It admits a discrete spectral resolution, i.e.

LM, V) = DN, (PP (6.15)

keN
where N,(P?) := {¢ € D_(P%) | Py € D_(P) and (P? — w)¢ = 0). Moreover, P? is
the generator of a contracting semigroup exp(— P?) in L2 (M, V).

Proof. Tt is immediate from Theorem 4 that the Dirac-Laplace operator with domain
D_(P?) is self-adjoint. Moreover,

(¥, PP¥)) = IPY I}, V¥ € D_(PY), (6.16)

which implies that P2 is a positive operator. By Theorem 9 it has a discrete spectral resolution
with

spec(P?) = (A% € R| A € spec(P)). (6.17)

Therefore the operator (—PZ) is dissipative and densely defined in L? (M, V), and the
existence of a semi-group exp(— P?) follows from the Theorem of Lumer-Phillips [9]. O
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7. Regularity results

The H* Sobolev norm on C®°(M, V) can be defined inductively by

i3 = D V¥ I + 13- (7.1)
[Bl=k

Here B is a multi-index, the derivatives Vg are taken with respect to a local orthonormal
frame {ey, ..., e,}, and the norm || Vg | ;2 is understood as the L? integral over M with an
appropriate partition of unity. Denoting the corresponding completion by H*(M, V), the
Sobolev embedding theorem states that H kM, V) CS(M, V) fork > s + % dim M.

Lemma 12. If € N, (P) satisfies either the local boundary condition Viyy € '
or the global one |3y € I'YS, then Y is smooth. In particular € H*(M, V) for all
ke N.

Proof. First we observe that P commutes with the covariant derivatives V,, up to lower
order terms, i.e.

PV — Ve PU = Y (r(VeeVe, +y(e)Vy, e, + y(e)R(e, )y (1.2)

i=1,...n

for j = 1, ..., n. Since the geometry of M is bounded the Christoffel symbols appearing
in (7.2) are bounded too, and we can estimate

Y IPYYl < Y IV PYIL + ClYIG,. (7.3)

j=1.....n j=h...n
On the basis of this we can apply the argument of Eq. 2.11) w0 3, , Ve, ¥ whichyields

YoAVevlZa< Y Ve, Pl + Clivl,

1B1=2 J=l...n

+ X [ wav . (74)

To control the boundary integral under the local boundary condition I" '°° et N be a smooth
extension of the normal field. From 7. = %(F y(N) = Id) we infer that

Ve, Bo(¥) = F_(Ve,¥) = SFy (Ve, N)y Vj=1,....n. (1.5)
With (3.6) — here understood accordingly for the extension 71 — we then get
(Ve, #_(¥), AV, 7 (¥)
= (F_ (Yo, ), T (AV¥)) + F(F- (Ve ¥), ST V)
—(F_ (Ve ¥), AFy (Ve, N)W) = (Fy (Ve, N) ¥, AT (Y, ¥))). (7.6)
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Under the restriction to the boundary 8 M the projections 7 and 7 become orthogonal,
and the operators S3I” and F ¥ (Ve; N) have a bounded trace. Thus we have
/ \
> f (Ve ¥, AV ¥ duy < C | D 1V ¥ 15204 + 1915204, | 0D
j=L..ngy Jj=1,...n
holding for all ¥ which satisfy the boundary condition (a4 € I" 1. Since the restriction

to the boundary is an compact linear map from H M, V) to L2(0M, V3), the Ehrling
inequality (3.10) implies that

D IV, ¥ 324 + 1¥ 122 0m)

=

1912240 + CIY N2y, VO € CO(M, V). (7.8)

For i subject to the Atiyah—Patodi-Singer boundary condition ¥ |gp € I” APS the same
type of arguments applies. Therefore we have

1
Y V¥t < IV Gy
[Bl=2

holding for each € > O under either of the boundary conditions ¥ € I" _. By iteration of
these arguments we can derive for an arbitrary k € N a corresponding estimate, reading

B —

yFCPY I + 1150 +el¥ g, 09

Vi g

> IVeyli < 1ul/fni,k(M) + Cel PV + IV 1Rm0). (7.10)

|Bl=k
If, in particular, Py = Ay this implies that

W5 <20° + COlY I3 V¥ € Na(P), (7.11)
and by iteration we end up with

112 < COIYIZ. Yo € Na(P). (7.12)
Consequently, ¥ € N, (P) implies that y € H k(M, V) for all k € N. From the Sobolev
embedding theorem we then infer that v is smooth. a

Corollary 13. The splitting (6.1) respects the C™ structure, i.e.,

COO(M, V)= N)\(P) @ Im{(P — A)IC""(M,V)) . (7.13)

Proof. Intersecting the decomposition (6.1) with C>° (M, V) and using the preceding lemma
implies that each ¢ € C°°(M, V) uniquely splits into ¢ = ¢g + (P — A)x with ¢ €
Nu(P) C C®(M,V) and (P — M)x € C®(M, V). Using (7.10) and (7.8) we get x €
H*(M, V) for all k € N, which implies that x is smooth. O

Elliptic regularity, could be established as well by checking the Lopatinskii~Shapiro
condition [8] for the boundary value problem in view. For the general case of pseudo-
differential boundary problems, cf. [3].
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8. Applications: Boundary value problems and Hodge type decomposition
To this end we consider a general inhomogeneous boundary value problem for the Dirac
operator, reading

Po =1y on M

m(¢) =mi(p) ondM. (8.1)

Lemma 14. For each € L*(M,V) and p € H'(M, V) satisfying the integrability
condition

(. X))+ f(V(N)p, x)duy =0 Vx e No(P). (8.2)
aM

the boundary problem (8.1) has a solution, which is unique up to an arbitrary ¥ € Ny(P).

Proof. Given ¢ € L*(M,V) and p € H'(M, V) we consider the field (y — Pp) €
L*(M, V).By Theorem 7, the index of the boundary value problem (8.1) vanishes. Therefore
(Y — Pp) is in the range Im(P) of the Dirac operator if and only if ( — Pp) € No(P)* .
That is

(g = Pp), X)) =0 VYx € No(P), (8.3)
which is, by (2.5), equivalent to the integrability condition (8.2). Therefore
(¢ — Pp) = P¢ with ¢ € D_(P). (8.4)

Choosing ¢ = 5 + p we have ¢ € H! (M, V). By construction it satisfies P¢ = ¥ and
n+(¢) = 74+ (p), and hence it is a solution of the boundary value problem. For any other
solution of the form ¢ + ¥ we infer from (8.1) that P = 0 and 7, (}) = 0. a

Finally we make an attempt to construct a Hodge type decomposition for the Dirac bundle
(V, <, >, y, V). To do so we define the operator dp = %(Id — F)P on C*(M, V). Since
F anti-commutes with P it follows that (dp)? = 0. Therefore we have an elliptic complex

d d d
S M v e, vy L (8.5)

Using (2.5), it follows that d}, := %(Id + F)P is the formal adjoint, satisfying
(dpyr, ¢)) = (W, dp@)) VYo, ¥ € C°(M, V). (8.6)

However, the boundary conditions ¥ € I" 4+ do not serve as an absolute or relative boundary
condition for this complex — neither in the case I" ¢ or I 4PS. Nevertheless it is possible
to construct a Hodge-type decomposition for bundle L2(M, V) in terms of this complex.

Lemma 15. The space L>(M, V) allows for an orthogonal decomposition

L*(M,V)=dp(H' (M, V) ®dp(H (M, V)) ® No(P) , 8.7
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where H' (M, V) = {¢ € H\(M, V) | m.(¢) = O). Each € L*(M, V) uniquely splits
into

v =dpp+dip+x with ¢ € D_(P), x € No(P). (8.8)

Proof. By (6.1), ¥ splits into v = P¢ + x with ¢ € D_(P) and x € Ny(P). Then
P = dp + d}, which implies the decomposition (8.8). O

As far as the boundary conditions are concerned, this decomposition yields ¢|anp € I” —.
However, there is no control about the boundary behavior of the other components dp¢ and
d} ¢, but only the sum ((dp + d}p)¢)|ap willbein I” _.
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